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Abstract. The aim of the present paper is to construct and investigate a Finsler structure 
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structure is obtained from the vector fields forming the parallelization of the GAP-space. The 
^ ■ resulting space, which we refer to as a Finslerized Absolute Parallelism (Parallelizable) space, 
combines within its geometric structure the simplicity of GAP-geometry and the richness of Finsler 
geometry, hence is potentially more suitable for applications and especially for describing physical 
phenomena. A study of the geometry of the two structures and their interrelation is carried 
out. Five connections are introduced and their torsion and curvature tensors derived. Some 
j> ■ special Finslerized Parallelizable spaces are singled out. One of the main reasons to introduce this 
new space is that both Absolute Parallelism and Finsler geometries have proved effective in the 
formulation of physical theories, so it is worthy to try to build a more general geometric structure 
that would share the benefits of both geometries. 
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0. Introduction and Motivation 



The philosophy of geometrization of physics has been advocated by Albert Einstein early 
in the twentieth century. He has successfully used this philosophy to capture the notion of the 
gravitational field in the language of four dimensional Reimannian geometry. On the one hand, 
the degrees of freedom in this case are ten and on the other hand it is shown that gravity is well 
described by ten field variables, namely, the components of the metric tensor. Extending this 
philosophy to deal with other interactions, besides the gravity, one needs to increase the degrees 
of freedom of the geometry used. Two main strategies arise: either to increase the dimension of 
the Riemmannian space considered or to deal with another wider geometry enjoying more degrees 
of freedom (without increasing the dimension). Our choice is the second strategy. Theories 
constructed in such geometries (cf. for example [5], [12], [18] and [19]) show the advantages 
of using geometries with extra degrees of freedom. This is clearly manifested through physical 
applications of such theories (cf. [6] and [T3]). 

Finsler geometry is a generalization of Riemmannian geometry. It is much wider in scope and 
richer in content than Riemannian geometry. In the rich arena of Finsler geometry, geometric 
objects depend in general on both the positional argument x and the directional argument y. This 
is a crucial difference between Finsler geometry and Reimannian geometry in which the geometric 
objects of the latter depend only on the positional argument x. Moreover, unlike Riemannian 
geometry which has one canonical linear connection defined on M, Finsler geometry admits (at 
least) four Finsler connections: Cartan, Berwald, Chern and Hashigushi connections. However, 
these are not defined on the manifold M but are defined on the pull-back bundle ir~ l (TM) 
(the pullback bundle of the tangent bundle TM by ir : TM — ► M) [20] and [10]. Finally, in the 
context of Riemannian geometry, there is only one curvature tensor corresponding to the canonical 
connection and no torsion tensor. In Finsler geometry, for each connection defined corresponds 
three curvature tensors and five torsion tensors. 

The geometry of parallelizable manifolds or absolute parallelism geometry (AP-geometry) has 
many advantages in comparison to Riemannian geometry. As opposed to Reimannian geometry, 
which admits only one symmetric linear connection, AP-geometry admits at least four (built 
in) linear connections, two of which are non-symmetric and three of which have non-vanishing 
curvature tensors [22]. Last, but not least, associated with an AP-space, there is a Riemannian 
structure defined in a natural way. Consequently, AP-geometry contains within its geometric 
structure all the mathematical machinery of Riemannian geometry. 

The GAP-geometry [17] is a generalization of the classical AP-geometry. As in the case of 
Finsler geometry, the geometric objects of the GAP-space live in the pull-back bundle n~ l (TM). 
Accordingly, they depend in general on both the positional argument x and the directional argu- 
ment y. Many geometric objects which have no counterpart in the classical AP-geometry emerge 
in this more general context. 

Since both the AP and Finsler geometries have been successfully used in describing physical 
phenomena, it is natural and useful to construct a more general geometric structure that would 
enjoy the advantages of both geometries. To accomplish this, we construct what we refer to as a 
Finsleraized Absolute Parallelism space or a Finslerized Parallelizable space (FP-space). Due to 
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its richer and wider geometric structure compared to both AP-geometry and Finsler geometry, an 
FP-space may be a better candidate for the attempts of unification of fundamental interactions. 
This is because an FP-space has more degrees of freedom than either AP-space or Finsler space; 
both spaces already being used in the process of unification and solving physical problems. 

In the present paper, we construct a Finsler structure on a GAP-space. The paper consists 
mainly of two (related) parts; Finslerized parallelizable spaces and some special Finslerized Par- 
allelizable spaces. The paper is organized in the following manner. In section 1, following the 
introduction, we give a short survey of the basic concepts of Finsler geometry. In section 2, we 
give a brief account of the GAP-geometry. In section 3, we introduce a Finsler structure on the 
GAP-space defined in terms of the 7r-vector fields A's forming the parallelization of the GAP-space. 
We show that the Finsler metric coincides with the GAP-metric. This gives a strong link between 
the two geometric structures. A study of the geometric objects of the resulting Finsler structure 
and the geometric objects of the GAP-space is accomplished. We show that all geometric objects 
of an FP-space can be expressed in terms of the A's (including the nonlinear connection). In 
section 4, some special Finslerized Parallelizable spaces are studied, namely, Landsberg, Berwald, 
Minkowskian and Riemannian spaces. Some interesting results concerning these spaces are ob- 
tained and the relationship between them is investigated. We end the paper with some concluding 
remarks. 

1. General review on Finsler geometry 

We give here a brief account of Finsler geometry. Most of the material presented here may be 
found in [TJ and [2D]- For more details we refer, for example, to [I], [S] and [13] . 

Let M be a differentiable manifold of dimension n and of class C°°. Let n : TM — > M be its 
tangent bundle. If (U, x M ) is a local chart on M, then (7r _1 (^7), y^)) is the corresponding 
local chart on TM. The coordinate transformation law on TM is given by: 

where ptf := and det(p^') ^ 0. 

Definition 1.1. A generalized Lagrange space is a pair GL n := (M, g(x, y)), where M is a 
smooth n- dimensional manifold and g(x, y) is a symmetric non degenerate tensor field of type 
(0,2) on TM. 

Definition 1.2. A Lagrange structure on a manifold M is a mapping L : TM — > R with the 
following properties: 

(a) L is C°° on TM := TM \ {0} and C° on TM, 

(b) The Hessian of L, having components 

9a/3{x, y) := -dadpL, 
is non degenerate at each point ofTM, where := 
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The pair L n := (M, L(x, y)) is called a Lagrange manifold or a Lagrange space. 

Definition 1.3. A Finsler structure on a manifold M is a mapping F : TM — > M with the 
following properties: 

(a) F is C°° on TM and C° on TM, 

(b) For all (x,y) G TM, F(x, y) > and F(x, y) = y = 0, 

(c) F is positively homogenous of degree one in y; that is, F(x, ay) = aF(x, y) Va > 0, 

(d) The Hessian of F 2 , having components 

9 a p(x, y) ■= ^dadpF 2 , 

is positive definite at each point of TM . 

The pair F n := (M, F(x, y)) is called a Finsler manifold or a Finsler space and the symmetric 
bilinear form g a p(x, y) is called the Finsler metric tensor of the Finsler space F n . 

Remark 1.4. If g a p{x, y) doesn't depend on y l , then F n is a Riemannian space R n . In fact, we 
have the following sequence of proper inclusions: 

{R n } C {F ri } c {L n } c {GL™}. 

Definition 1.5. A nonlinear connection N on TM is a system of n 2 functions Np(x, y), defined 
on every local chart of TM, transforming according to the law 

^=rfj£A?+#fJvlf < (1-1) 

under any change of coordinates — > (x^'), where p^, a , := -£^r = d ^Q x „i ■ 

The nonlinear connection iV leads to the direct sum decomposition 

T U (TM) = H U {TM) © V U (TM) Vu G TM, 

where H U (TM) is the horizontal space at u associated with N supplementary to the vertical space 
V U (TM). If 

5, := d, - N°d a , 

where := then (<9 M ) is the natural basis of V U (TM) and (<5 M ) is the natural basis of H U (TM) 
adapted to N. 

Definition 1.6. A Finsler connection on M is a triplet FT = (F^ u (x,y), N^(x,y), C^ u (x,y)), 
where F^ u (x, y) transform as the coefficients of a linear connection, N^(x,y) transform as the 
coefficients of a nonlinear connection and C® v {x, y) transform as the components of a tensor field 
of type (1,2). 

The horizontal (h-) and vertical (v-) covariant derivatives of a (1,1) -tensor field X® with 
respect to the Finsler connection FT = (F^ u , N^, C^ u ) are defined respectively by: 

x ^\v '■= +X^F^ V - X° F 1 ^, (1.2) 
The above rules can be evidently generalized to any tensor of arbitrary type. 
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Definition 1.7. The torsion tensors of a Finsler connection FT = (F^ u , N^, C^ v ) on M are 
given by: 

(a) (h)h-torsion tensor T* := F^ u — F% 

(b) {h)hv-torsion tensor C® v := the third connection coefficients C^ u , 

(c) (v)h-torsion tensor R® u := S U N^ — S^N^, 

(d) (v)hv-torsion tensor P" v := d u N" — F^ u , 

(e) (v)v-torsion tensor S? v := C^ v — C£ . 

Definition 1.8. The curvature tensors of a Finsler connection FT = (F^ v , N^, C^ v ) on M are 
given by: 

(a) h-curvature tensor R^ := il M {8^ + i^} + C", R? va , 

(b) hv-curvature tensor P^ ua := d a F^ u - C% a]u + P^, a , 

(c) v-curvature tensor S? V(7 :=% )ff) {4<>, + C£„}, 

where {A U(T } := A vc — A av is the alternate sum with respect to the indices v and a. 
Definition 1.9. For a Finsler space, F n = (M, F), we have the following geometric objects: 

(a) Cp^ := -dpg^ = ^dpd^F 2 ; the Cartan tensor, (1.4) 

(b) C™ v := g ar ' C wu = ^g ar '(d^g uv + b v g m - fyg^); the d-Christoffel symbols, (1.5) 
( c ) l%'-=\ g av (d»9vr, + d u g m - d v g^); the formal Christoffel symbols, (1.6) 

(d) := ^ g av {5 fl g uv + oV# w - 5 v g flu ); the 5- Christoffel symbols. (1.7) 

Theorem 1.10. Lei (M, F) fre a Finsler space. 

(a) TTie n functions on TM , defined by 

G a {x,y):=]p^y\ (1.8) 

are £/ie components of a spray called the canonical spray associated with (M, F). 

(b) T/ie n 2 functions Np on TM, defined by 

N$ := d p G°, (1.9) 

are ine coefficients of a nonlinear connection called the Barthel connection, or the Cartan 
nonlinear connection, associated with (M, F). 



(c) The n 3 functions G^ g on TM, defined by 



G 




daN' 



a 



(1.10) 



are the coefficients of a linear connection, called the Berwald (linear) connection. 

Remark 1.11. It should be noted that 7" are neither the coefficients of a linear connection nor 
the components of a tensor. However, it gives rise to a nonlinear connection (Barthel connection) 
and a linear connection (Berwald connection) as shown above. 

In Finsler geometry there are at least four Finsler connections which are the most famous: 
the Cartan, Berwald, Chern and Hashiguashi connections. The nonlinear connection associated 
with any one of these Finsler connections coincides with the Barthel connection. The widely 
using connection in Finsler geometry is the Cartan connection in the sense that the other Finsler 
connections can be obtained from it by applying certain processes pEj. In this paper, we deal only 
with two Finsler connections: the Cartan connection and the Berwald connection which are the 
most important ones. In the next two theorems, we state the existence and uniqueness theorems 
for these two Finsler connections. 

Theorem 1.12. On a Finsler manifold (M, F), there exists a unique Finsler connection FT = 
(F" u , N*, C° u ) having the following properties: 



where r" , and C" are defined above by (11. 7p . (11.91) and (II. 5p . respectively. 

Theorem 1.13. On a Finsler manifold (M, F), there exists a unique Finsler connection FT = 
(FZ U , N*, C* v ) with the following properties: 



C x : 2/^ = 0, i.e. A^ = ^2^ ; 

C 2 : FY is h-metric: g Ma = 0, i.e. S a g^ = g v pF^ a + g^F^ 

C 3 : FT is v-metric: g^ = 0, i.e. dag^ = g v pC^ a + g^C{ 

C 4 : FT is h-symmetric: T^ v = 0, i.e. F^ v = F% , 

C 5 : FT is v-symmetric: S^ u = 0, i.e. = C% . 



This connection is called the Cartan connection. 



The Cartan connection CT associated with the Finsler space (M, F) is given by 



CT:=(T- u ,N-,Cp, 



B 1 : y« =0, i.e. i\^ = ^i^ ; 

B 2 : F\ a = 0, i.e. 5 a F = 0, 

S3 : FT is h-symmetric: T* = 0, i.e. 
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B 5 : i» =Oi.e. F^ v = d»N* v . 

This connection is called the Berwald connection. 

The Berwald connection BT associated with the Finsler space (M, F) is given by 

flr = (G^,Jvj,o), 

where and are defined by (11 .101) and (11. 9p . respectively. 

2. Survey on generalized absolute parallelism geometry 

We here give a short survey on generalized absolute parallelism geometry. For more details 
we refer to [17J. 

Definition 2.1. An n- dimensional manifold M is called d-parallelizable, or generalized absolute 
parallelism space (GAP-space), if the pull-back bundle n~ l (TM) admits n global independent sec- 
tions (^-vector fields) \(x, y), i = l,...,n. 

i 

The components of the vector field X(x, y) in the natural basis are denoted by A Q , a = 1, • • • , n. 

i i 

Latin indices are numbering (mesh) indices and the Greek indices are coordinate (world) indices. 
The Einstein summation convention is applied on both Latin (mesh) and Greek (world) indices, 
where all Latin indices are written in a lower position and in most cases, when mesh indices appear 
they will be in pairs meaning summation. 

If A := (\ a (x, y)); i, a — 1, n, then 

i i 

\ a Xp = 5s, X a X a = 5ij, (2.1) 

i i t 3 

where (A a ) denotes the inverse of the matrix (A a ). 

i i 

Theorem 2.2. A GAP-space is a generalized Lagrange space. 

In fact, the covariant tensor field g^ v (x,y) of order 2 given by 

9iw{x,y) :=A M (a:, y) A„(aj, y), (2.2) 

defines a metric in the pull-back bundle 7r _1 (TM) with inverse given by 

g^(x,y)=\»(x,y)\»(x,y). (2.3) 

Definition 2.3. Let (M, g) be a generalized Lagrange space equipped with a nonlinear connection 
iV°. Then a Finsler connection D = {F® u , iV°, C° ) is said to be metrical with respect to the metric 
9 if 

9^\ a = 0, = 0. (2.4) 

The following result was proved by R. Miron [11]. It guarantees the existence of a unique 
torsion-free metrical Finsler connection on any generalized Lagrange space equipped with a non- 
linear connection. 
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Theorem 2.4. Let (M, g(x,y)) be a generalized Lagrange space. Let N" be a given nonlinear 

o o o 

connection on TM. Then there exists a unique metrical Finsler connection D— (T^ U ,N^,C" V ) 
such that T% : = f %,- V% = and S% ■= C%- C% = 0. 

This Finsler connection is given by N® and the generalized Christoffel symbols: 

1 

= j 9 at (^9ue + S»g„e - Seg^u), (2.5) 

c% = ~ g ae 0,g»e + d v9tlt - d e9flv ). (2.6) 

This connection will be referred to as the Miron connection. 

o 

We define another Finsler connection D = (r^, TV", C™) in terms of D by: 

o o 

r ^ := + \ a A^, = N™, C* v := C" v + X a A^^, (2.7) 

o o 

where " | " and " 1 1 " denote the /i- and i>-covariant derivatives with respect to the Miron connection 

o 

D ■ The Finsler connection D is called the canonical connection. 

If " | " and "||" denote the h- and v-covariant derivatives with respect to the canonical con- 
nection D, then one can show that 

X\ = 0, A Q || M = 0. (2.8) 

In analogy to the classical AP-space [22], the above relations are referred to as the generalized 
AP-condition. 

The canonical connection can be explicitly expressed in terms of the A's in the form 

r^=A Q (^A M ), C« u =\ a u \,). (2.9) 
We now list some important tensors which prove useful later on. Let 

rpa -pa -pa oa s~ia r^a /o -i r\\ 

Then T™ and S" are referred to as the (h)h- and (u)u-torsion tensor of the canonical connection. 
Let 

o o 

We refer to A™ and B°£ p as the h- and ^-contortion tensors, respectively. 

We have the following important relations between the torsion and the contortion tensors: 

rpa \a aol oa p>a rya in i n\ 

L ii,v — A nv A uni °fiv — D i iv n ufjL- yz.LZ) 
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In addition to the Miron and the canonical connections, our space admits other natural Finsler 
connection. In analogy to the classical AP-space [22], we define the dual Finsler connection 

r^:=r^, j\£ = jv£, C£,:=c?„ (2.13) 

The h- and i>-covariant derivatives with respect to the dual connection D will be denoted by " | " 
and "jf". 

Summing up, in a GAP-space we have at least three naturel Finsler connections, namely the 
Miron, canonical and dual connections. The first two connections are metric while the third is 
not. The first one is symmetric while the others are not. The second one is flat while the others 
are not. The nonlinear connection iVg of these three Finsler connections is the same. For a fixed 
nonlinear connection, we refer to it as the nonlinear connection of the GAP-space. 

3. Finslerized Parallelizable space 

In this section, we construct a Finsler structure on a GAP-space. We refer to this new 
space as a Finslerized Parallelizable space or simply an FP-space. An FP-space combines within 
its geometric structure the richness of Finsler geometry and the richness and simplicity of the 
GAP-geometry. Moreover, in an FP-space both geometric structures are closely interrelated and 
intertwined. This follows from the fact that the two metrics of the two geometric structures coin- 
cide (Theorem 3.2). 

The next theorem plays the key role in the construction of a Finsler structure on a GAP-space. 
Theorem 3.1. Let (M, X(x, y)) be a GAP-space. 

i 

(a) If g„ v (x, y) :=\Jx, y)\ u (x, y), then (M, g) is a generalized Lagrange space. 

i i 

(b) If L(x, y) := g^ u (x, y)y fl y u such that y^ d a g^ u = 0, then (M, L(x, y)) is a Lagrange space. 

(c) If F(x, y) := y %Jjx, y) yf"y u E such that 

1. The tensor d^g^ is totally symmetric, 

2. The parallelization vector fields X(x, y) are positively homogenous of degree zero in y, 

i 

then (M, F(x, y)) is a Finsler space. 
In this case, we refer to (M, X(x, y), F(x, y)) as a Finslerized Absolute Parallelism space or a 

i 

Finslerized Parallelizable space (FP-space). 
Proof. 

(a) See Theorem 2.2. 

'We note that g^(x, y) y» y v = A M X v y» y v = (A M y") (A, y") = (A„ y^ f > 0- 

i i i i i 

2 A result similar to (c) is found in [16j . but in a completely different context and under more restrictive 
conditions. 
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(b) By hypothesis, we have y^d v g a p = 0. Consequently, d v L = (d y y a ) y 13 g a p + y a {d v yP) g a/3 + 

y a y p d u g aP = 5% y 13 g a p + y a 5% g a p = 2y a g ua . Again, using y p d u g a p = 0, we conclude that 

^d^L = 0^) g ua + y a 0^g ua ) = 5*g va = g^. 

(c) We show that the four conditions defining a Finsler structure are satisfied: It is clear that F 

is C°° on TM and C° on TM. On the other hand, F(x, y) > as the square root always 
give non-negative values and F(x, 0) = 0. Moreover, if a is a positive number then, noting 
that <7 M „ is positively homogenous of degree zero in y, F(x, ay) = g^ u (x, ay) (ay)^ (ay) v = 
\J oP gnv(x, y)a 2 y^ y v = a^/ g^ix, y) y^ y u = aF(x, y). Finally, the total symmetry of the 
tensor d^g a p implies that y a d^g a p = y a dag^p = 0, by Euler theorem on homogenous func- 
tions. Thus, similar to the proof of (b), we get 

lfA F2 = 9„u □ 
As a consequence of the above theorem, we have the following simple and important result. 
Theorem 3.2. The GAP-metric and the Finsler metric coincide: 

fiV =A M (x, y)K(x, y) = ^d^d v F 2 

Corollary 3.3. Let (M, X(x, y), F(x, y)) be an FP-space. Then the following hold: 

(a) Both d-Christoffel symbols of the GAP-space and the Finsler space coincide. 

(b) Both formal Christoffel symbols of the GAP-space and the Finsler space coincide. 

(c) The nonlinear connection of the GAP-space coincides with the Barthel connection. 

(d) Both the 5-Christoffel symbols of the GAP-space and the Finsler space coincide. 

Consequently, the nonlinear connection of all Finsler connections of the FP-space is the Barthel 
connection. It can be written in terms of the building blocks A(x,y)'s of the FP-space only as 
follows 

K = fa = y" (1%, - a%) = jfx* (5,x, - Xpoj. 

Therefore, we have the following results. 

Corollary 3.4. The (v)h-torsion tensor R® u of all connections, defined on an FP-space, is the 
same and is given by 

Theorem 3.5. Let (M, X(x, y), F(x, y)) be an FP-space. Then the Cartan connection coincides 

i 

with the Miron connection. 

In an FP-space, there are both Finsler and GAP-connections. Our aim now is to express all 
connections defined on this space in terms of one of them. We here express all the FP-connections 
in terms of the canonical connection only, which is, in turn, expressed in terms of the vector fields 
forming the parallelization X(x, y) (cf. (2.9)). 

i 
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Theorem 3.6. The Cartan (Miron), Berwald and dual connections can be expressed in terms of 
the canonical connection D as follows: 

o o 

(a) The Cartan connection CT = (T^, N", C^J) is given by 

r" _ r« _ A a ri a — n a — R a C\ 1\ 

(b) The Berwald connection BT = (G^ u , ,0) is given by 

G% = T% + I*. (3.2) 

(c) The dual connection D = (r" , iVg , C"„) is given by 

In fact, (a) follows from (2.11), (b) follows from definition 1.7 (d), and (c) follows from (2.13). 

Proposition 3.7. The (h)h-, (h)hv-, (v)hv- and (v)v-torsion tensors of the canonical connection 
D are given respectively by: 

( a \ rra _ -pa -pa 

(b) C" := X a (d u \ fJ ) the connection parameters, 

(c) P£, = V? [Cfap - B^p - A^{C; U + B?J + A^C", + B*, ) + A%{C« m + B^ )] - A«„, 

We note that in the proof of item (c) above, we have used the relation: 

X^v°j3 — X% v ^ — X^ v A"p + A^ + X° v A v uj3 (3.4) 

We have the following crucial result. 

Theorem 3.8. J7W The h-, v- and hv-curvature tensors of the canonical connection vanish iden- 
tically. 

The above theorem, namely, the vanishing of the curvature tensors of the canonical connection, 
allows us to express all curvature tensors of the FP-space in terms of the torsion tensors of the 
canonical connection only as will be shown in the following three propositions. The proofs of the 
first two propositions are similar to the proofs of Proposition 6.1 and Proposition 6.3 of [17] 
Proposition 3.11 can be proved in a similar fashion. 

Proposition 3.9. The torsion and curvature tensors of the dual connection D can be expressed 
in the form: 



3 It should be noted that the /iv-curvature tensor of the dual connection in Proposition 3.9 differs by a sign from 
the /iv-curvature tensor of the dual connection in Proposition 6.1 of [T7] 
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(a) The {h)h-, (h)hv-, (v)hv- and (v)v-torsion tensors of D are given by: 

(1) T« v = -T- , (2) C", := C^, 

(3) = , (4) ^ = 

(b) T/ie f - and hv-curvature tensors of D are given by: 

f-t\ r>a rpa , /iq p»? I fa pr; _i_ /"fa r>r) 

V- 1 -/ ri ^au av\ii ' ijh crv ' ^a-q^ufi ' K - / urj ri pai 

(2) S^ au = S° u ^, 

( o\ pa oa I T'Q or; T^a _i_ c« 'J 1 '? -I- 7 -10 -I- PV Q a 

V / vpcr V[i\a av\\\i '^f ' err) ' /J>t] crv ' rju afj, ' op. ^rjW 

Proposition 3.10. The torsion and curvature tensors of the Cartan (Miron) connection CT can 
be expressed in the form: 

(a) The (h)h- and (v)v-torsion tensors of CT vanish and the (h)hv-torsion tensors of CT is given 

as in (13. ip and (v)hv-torsion tensors of CT is given by: 

P ' [iv = Pp,v + A^xv (3-5) 

(b) The h-, hv- and v-curvature tensors of CT are given by: 

(1) R« ua = + A% A« a } + A^T*, + B- V P4 V , 

(2) = B^ v - A^ a + T2 v {G a m - Bp - A a m - A« v + fl« A% - fl« P*,, 

o 

( 3 ) S% a = ^(u,a){B^ ulla + B^ a B° v } + B^ v Sy a . 

Proposition 3.11. The torsion and curvature tensors of the Berwald connection BT can be 
expressed as follows: 

(a) The (h)h-, (h)hv-, (v)hv- and (v)v-torsion tensors of BT vanish. 

(b) The h-, v- and hv-curvature tensors of the BT are given by: 

(1) R fiver = ^(v,<r){Pfiv\cT ^fiu ^"jjcr} + ~ ^ firf^uai 

(2) S^ v = 0. 

Remark 3.12. The above expressions show that the curvature tensors of all connections existing 
in the FP-space are formulated in terms of the torsion and contortion tensors of the canonical 
connection. However, there is a strong relation between the torsion and contortion tensors as 
shown in the following relations [PT] : 

A^ivcr "^(T^ U( j -\- Tfjy^ -\- T ua ^ (3.6) 

and 

where T^ ua := g m T^ a , s^ a := g m S^ a , A^ a := g^A^ and B ma := g w B* a . 
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This means that all curvature tensors can be expressed solely in terms of the torsion tensors 
of the canonical connection. 

The next table provides a comparison concerning the different connections of an FP-space as 
well as their associated torsion and curvature tensors. 



Table 1: Summary of the connections of an FP-space 





Cartan (Miron) 


Canonical 


Dual 


Berwald 


(vol 7ya /~ia \ 




(V a N a C a \ 


(V a N a C a ) 


(G»,,JV£,0) 


(h)h-torsion 





rna 
/it/ 


rna r-pa 





(h)hv-torsion C" 


o 

o 


r~<a 


ria (~ia 





(v)h-torsion R^ u 


n« _ pa 


pa 


pa pa 


pa pa 


(v)hv-torsion 


o 

pa _ pa i A a 


pa 


pa pa 





(v)v-torsion S^ u 





qa 


qa qa 





h-curvature R^ ua 


o 

T>CL 

1 ' {1V<7 





pa 


f5a 


hv-curvature Pf? va 


o 

pa 





pa 
fiucr 


pa 


v-curvature S^ ucr 


qa 





qa 






4. Special Finslerized Parallelizable spaces 

In this section we study some special cases of an FP-space. Further conditions are assumed. 
In both the FP-Landsberg and FP-Minkowskian spaces, the extra conditions are imposed on the 
Finsler structure only whereas in the FP-Riemannian space the extra conditions are imposed on 
the GAP-structure only. Finally, in the FP-Berwald space the extra conditions are imposed on 
both the Finsler and the GAP-structures. The definitions of special Finsler spaces treated here 
may be found in jl] and [2Tj . 

4.1 FP-Landsberg and FP-Berwald spaces 

o 

Definition 4.1. A Landsberg space is a Finsler space satisfying the condition P't ua y ii = 0. 
Definition 4.2. A Finsler space (M, F) is said to be a Berwald space if the hv-Cartan curvature 

o 

tensor vanishes i.e. = 0. 

We introduce the following definitions. 

o 

Definition 4.3. An FP-Landsberg space is an FP-space equipped with the condition PuvaV 1 * = 0- 

o 

Definition 4.4. An FP-Berwald space is an FP-space for which PZ va = and r° jy (x, y) = T^(x). 
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Remark 4.5. It should be noted that in an FP-Berwald manifold the Cartan tensor Ckjiv and the 
vertical counterpart C" of the canonical connection remain unaltered. Hence, the v-contortion 
tensor and the f-curvature tensors are the same as in the general case. 

Proposition 4.6. Let (M,X(x, y),F(x, y)) be an FP-Berwald manifold. 

i 

(a) The horizontal counterpart of the Cartan and Berwald connections coincide. 

(b) The horizontal contortion tensor A® and the horizontal counterpart of the canonical and dual 

connections are functions of the positional argument only. 

Proof, (a) It follows from [3] that 

P^a = y) = = =>P%, = =^f %{x) = G%(x). 

(b) It is a direct outcome of the first part of equation (3.1), the definition of the FP-Berwald 
manifold and equation (3.3). 

□ 

Every FP-Berwald space is an FP-Landsberg space. The converse is not true in general. 
Nevertheless, we have the following partial converse. 

Theorem 4.7. 

(a) Assume that both Y" and A^ u are functions of x only. Then an FP-Landsberg space is an 

FP-Berwald space. 

(b) Assume that both and P" are functions of x only. Then an FP-Landsberg space is an 

FP-Berwald space. 

Proof. Clearly this holds from the first part of (13. ip and from (13. 2p . respectively. □ 

The next table provides a comparison concerning the connections of an FP-Berwald space and 
their associated torsion and curvature tensors. 



Table 2: Torsion and curvature tensors of an FP-Berwald space 





Cartan 


Canonical 


Dual 


Berwald 


(h)h-torsion Tjf u 





rpa 

fJ,U 


r j 1 a 





(h)hv-torsion 


s~ia JDa 




r~<a 





(v)h-torsion R^ u 




JDa 
K liv 


JDa 
K pu 


JDa 


(v)hv-torsion P" 





Aa 

A JW 


Aa 

A VJl 





(v)v-torsion 





oa 


oa 





h- curvature P" 


o 

pa 
^ [ivcr 





TDa 


TDa 


hv-curvature P" V(T 








TDa 

JtVG 





v-curvature S" 




q a 





Oa 
fj.ua 






The form of the curvature tensors is similar to the general case with some geometric objects, 
namely, and P" , loosing their dependence on y. 
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4.2 FP-Minkowskian space 

Definition 4.8. A Finsler manifold (M,F) is said to be locally Minkowskian if the h- and hv- 

o o 

Cartan curvature tensors both vanish: PZ VC = . 

We have the following useful characterization of locally Minkowskian spaces [3]. A Finsler 
manifold (M, F) is locally Minkowskian if, and only if, at each p e M there exists a local coordinate 
system (x l , y % ) on TM such that F is a function of y l only. We refer to this local coordinate system 
as the natural coordinate system. It can be shown that F is a function of y l only if, and only if, 
the Finsler metric is a function of y 1 only. This follows from the fact that F 2 is expressed in 

o 

the form F = y^ y v . This implies, in particular, that CL, are functions of y 1 only. Moreover, 
as can be checked pQ, 

o o 

g^ u (x,y) = g^(y) in some coordinate system C° v °p = and R* u/3 = 0. 

Remark 4.9. The dependence of a tensor (or a linear connection) on y only is not coordinate 
independent. If a tensor (or a linear connection) is a function of y only in some coordinate system 
then this does not necessarily imply that it remains a function of y in other coordinate systems. 
This is because the transformation formula involves p® which are functions of x only. On the 
other hand, for the same reason, the dependence on x is coordinate independent. 

Theorem 4.10. Let (M,X(x, y), F(x, y)) be an FP-Minkowskian manifold. Then, in the natural 
coordinate system, the following hold: 

(a) The Barthel connection N% vanishes. 

o 

(b) The 5-Christoffel symbols T^ u vanish. 

o 

(c) The Berwald connection vanishes whereas the Cartan connection reduces to (0,0, C^J)- 

(d) The horizontal covariant derivatives with respect to the Cartan and Berwald connections re- 

duce to partial differentiation. 

(e) The canonical and the dual connections are reduced to (A® ,0,C° ) and (A™ , 0, C" ). 

(f ) The horizontal counterpart of the canonical and the dual connections have the same form as 

in the classical AP-space. (However, in the classical AP-context the X's are function of x 
only whereas in the FP-Minkowskian space the X's are function of x and y). 

(g) The horizontal covariant derivatives with respect to the canonical and the dual connections 

have the same form as in the classical AP-space. 

Proof. We only prove (a), (b), (c), (e). The rest is clear. 

(a) Since the metric g^ u {x,y) is a function of y only, it follows that 7" = 0. This implies that 
the canonical spray G a = 0. Consequently, the Barthel connection Ni* := dpG a vanishes. 
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O 

(b) The (v)hv-Caxtan torsion P° v = G a ^ v — = y p C° v °p — in all coordinate systems. This 

o o 

implies, in particular, that G" — Y^ u = in natural coordinate system, i.e. G" = Yf LV in 

o 

natural coordinate system. But by (a) G" = hence = in natural coordinate system. 

(c) This is because G° v = d v N% = (by (a)) and f % = (by (b)). 

o 

(e) The vanishing of Y^ v forces A" to coincide with Y" i.e. A" = Y" =X a (x, y) d u \^{x, y). 

□ 

The next proposition follows from the fact that the vanishing of a tensor in some coordinate 
system implies its vanishing in all coordinate systems. In more detail: 

Proposition 4.11. Let (M, X(x, y), F(x, y)) be an FP-Minkowskian manifold. Then we have: 

i 

(a) The vertical covariant derivatives for all connections of the FP-Minkowskian space remain 

the same as in the general case. 

(b) The (v)h- torsion R^ u vanishes for all connections of the FP-Minkowskian space. 

(c) All curvature and torsion tensors of the Berwald connection vanish. 

o 

(d) The only surviving torsion tensors of the Cartan connection is the h(hv)-torsion C^, whereas 

o 

the only surviving curvature tensors is the v-curvature tensors S^ v p- 
Unlike Theorem 4.10, the above proposition holds in all coordinate systems. 

The next table provides a comparison concerning the connections of an FP-Minkowskian man- 
ifold and their associated torsion and curvature tensors. 

Table 3: Torsion and curvature tensors of an FP-Minkowskian manifold 





Cartan 


Canonical 


Dual 


(h)h-torsion T£ v 





rpct 


rpa 


(h)hv-torsion C° 


o 

f^t a pa 


riot 


ria 


(v)h-torsion 











(v)hv-torsion P£ v 





ra 


"pa 

VjX 


(v)v-torsion S" 





qa 


Ca 

\xv 


h-curvature R% va 








rya 


hv-curvature P^ va 








pa 
\ivo 


v-curvature S^ va 




q a 





qa 



In the above table, P^ a is given by 

pa qa I rpa qrj rpa , qa rpr) _|_ rpa s-ir\ p?J qa 

vfxa vfi\(T ' au\\fi fiv ar) ' fir) av ' j]v 071 071 J r]W 

o 

Moreover, remains as in the general case (Proposition 3.10). 
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4.3 FP-Riemannian space 

We introduce the following definition. 

Definition 4.12. An FP-manifold is said to be an FP-Riemannian space if the vertical counterpart 
C" of the canonical connection vanishes. 

As can be easily checked, 

Proposition 4.13. Let (M,X(x, y), F(x, y)) be an FP-Riemannian space. Then the following 

i 

hold: 

(a) The A 7 s are function of the positional argument x only. Consequently, so are V" and g^ v @. 

(b) The Cartan tensor vanishes. 

(c) The canonical spray is given by G a = \^ v {x) y^ y v . Consequently, 

G a a ,{x)= 1 ^{x)=YUx). 
Proposition 4.14. Every FP-Riemannian space is an FP-Berwald space. 

o 

Proof. This follows directly from the fact that both V" and r^„ are functions of x only. □ 
Theorem 4.15. Let (M,X(x, y), Fix, y)) be an FP-Riemannian space. Then 

i 

(a) The Cartan and Berwald connections coincide both reducing to (^ u (x), N^(x,y),0). 

(b) The canonical and dual connections reduce respectively to (T™ (x), N"(x, y), 0) and 

(r^(x),JV»(x,y),0). 

(c) The horizontal contortion tensor A^ u is a function of the positional argument x only whereas 

the vertical contortion tensor vanishes. 

The torsion and curvature tensors of an FP-Riemmannian space are summarized in the fol- 
lowing table. 

Table 4: Torsion and curvature tensors of an FP-Riemmannian space 





Cartan 


Canonical 


Dual 


Berwald 


(h)h-torsion T" v 







_ r ra 





(h)hv-torsion C^„ 














(v)h-torsion R^ v 


no 


pa 


pa 


pa 


o 

(v)hv-torsion P"„ 





pa 


pa 





(v)v-torsion S" v 














h-curvature R^ va 




pot 





rpa 


pa 


hv-curvature P^ va 














v-curvture S" V(T 















4 It should be noted that g^ u being functions of x does not necessarily imply that the A's are functions of x. 
The converse trivially holds. 



17 



In the above table the /i-curvature tensor of the Cartan connection can be written in the 
following two forms 

and 

and the /i-curvature tensor of the dual connection has the form 

p« —Sir \{ P a 4- P 7 ! P a 1 -I- P a T 1 ! 
lx livo ■ LX {y,<j) \ r f J/ u\cr ' r fiu r qcrJ ' r [ir\ ± va' 

It should be noted that the horizontal geometric objects of the FP-Riemmannian space are 
identical to the corresponding geometric objects in classical AP-space. Consequently, the classical 
AP-space can be recovered from the FP-Riemmannian space. 

Concluding remarks 

In this paper, we have constructed a Finsler space from the building blocks of the GAP-space. 
We refer to the resulting space as a Finslerized Parallelizable space or, in short, an FP-space. We 
conclude the paper by the following comments: 

• Five Finsler connections are studied with their associated torsion and curvature tensors, 
namely, the canonical, dual, Miron, Cartan and Berwald connections. The first three con- 
nections are related to the GAP-structure whereas the last two connections are related to 
the Finsler structure. Using the fact that the nonlinear connection of the GAP-space is the 
Barthel connection, we prove that the Miron connection coincides with the Cartan connec- 
tion. Consequently, in an FP-space, we actually have only four different Finsler connections. 

• All curvature tensors of the different connections defined in the FP-space are derived. The 
vanishing of the three curvature tensors of the canonical connection enables us to express 
the other curvature tensors in terms of the torsion and contortion tensors of the canonical 
connection. This property is also satisfied in the context of classical AP-geometry; all 
curvature tensors of an AP-space can be expressed in terms of the torsion tensor of the 
AP-spaceJf] 

• Some special FP-spaces are investigated , namely, FP-Berwald, FP-Minkowskian and FP- 
Riemannian manifolds. In the FP-Riemannian manifold the metric is a function of x only (in 
all coordinate systems) whereas in the FP-Minkowskian manifold the metric is a function of y 
only (in some coordinate system). Roughly speaking, the two cases represent two "limiting" 
cases. 

• In the FP-Landsberg and the FP-Berwald manifolds the number of different connections 
is four whereas in the FP-Riemannian and the FP-Minkowskian manifolds it is reduced 
to three. In fact, the following proper inclusions hold: FP-Riemannian C FP-Berwald C 
FP-Landsberg and the FP-Minkowskian C FP-Landsberg. In these special cases, many of 
the formulas obtained for the torsion and curvature tensors are considerably simplified. In 
particular, many geometric objects existing in the general case vanish. 

5 In the classical AP-space, we have one torsion tensor, namely, = T" — T" , where T" is the canonical 
connection. We refer to this torsion tensor as the torsion tensor of the AP-space. 
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• Since an FP-space combines a Finsler structure and a GAP-structure, it is potentially more 
suitable for dealing with physical phenomena that might escape the explanatory power of 
either GAP-geometry or Finsler geometry Consequently, the FP-geometry may provide a 
better geometric structure for physical applications. Moreover, the structure of an FP-space 
would facilitate the following: 

(a) The use of the advantages of both machineries of GAP and Finsler geometries. 

(b) The gain of more information on the infrastructure of physical phenomena studied in 
AP-geometry. 

(c) Attribution of some physical meaning to objects of Finsler geometry, since AP-geometry 
has been used in many physical applications. 

(d) Some of the problems of the general theory of relativity, such as the flatness of the 
rotation curves of spiral galaxies and some problems concerning the interpretation of 
the accelerated expansion of the Universe, are not satisfactorily explained in the context 
of Riemannian geometry. Theories in which the gravitational potential depends on both 
position and direction argument may be needed to overcome such difficulties. This is 
one of the aims motivating the present work. 

• The paper is not intended to be an end in itself. In it, we try to construct a geometric 
structure suitable for dealing with and describing physical phenomena. The use of the 
classical AP-geometry and Finsler geometry in physical applications (for example [15j,[9j) 
made us choose these two geometries as a guide line. In the present paper, we have focused 
on the study of the metric, some FP-connections and some special FP-spaces. The study of 
other geometric objects and special FP-spaces needed in physical applications will be given 
in the coming part of this work. 
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